Torsional stiffness of a rotary feed drive system not only has great influence on the rotary positioning accuracy, but also affects the system dynamic characteristics. This paper proposes an estimating approach for the torsional stiffness of typical transmission chains in rotary feed drive tables. Firstly, a general analytical torsional stiffness model is presented, taking torsional stiffness of shafts and meshing stiffness between gear teeth into account. Then, general expressions of coefficients in the model relating adjacent angular displacements in the typical transmission chains are derived under static equilibrium condition. Moreover, a torsional stiffness test experiment is conducted for a rotary drive table and the stiffness estimation algorithm is presented. To verify the validity of the proposed approach, comparisons among the traditional model, finite element model and the proposed one are made. The results show that the stiffness value obtained from traditional model is bigger than the presented analytical model. The finite element analysis and experimental results indicate the analytical model is valid and more accurate than the traditional ones. This work provides an effective and general way to estimate the torsional stiffness of typical transmissions employed in rotary table of machine tools during the system design and characteristic analysis process.
Introduction
Multi-axis CNC machine is an important component of modern manufacturing facilities, and it has been increasingly required to have higher performance. Stiffness is a critical characteristic parameter of machine tool and stiffness estimation is of great importance for modern machine tools during design and analysis process. Enough stiffness in whole work space is the prerequisite for a machine tool to guarantee motion accuracy and machining performance. While the key components of typical multi-axis CNC machine tools include the bed, column, linear feed drive system and rotary feed drive system, stiffness characteristic of each component determines the stiffness distribution in whole work space of machine tools (Ramesh et al.,2000a , 2000b , Brecher et al., 2010 , Li et al.,2014 .
Several studies have been reported on the stiffness estimation of machine tools which mainly focuses on entire machine tool or linear feed drive system. The main methods for modeling stiffness of a whole machine tool, where linear and rotary feed drive systems are regarded as parts, include the experimental method by which stiffness parameters could be obtained directly, finite element method, matrix-structure method and Jacobi matrix method (Huang D., Lee J., 2001 , Zhang et al., 2004 , Kim et al., 2008 , Mori et al., 2008 . To balance the conflicts between accuracy and efficiency of the mentioned methods, Yan et al. proposed a novel method where Jacobi and point-transfer matrix method were utilized. Then a stiffness index was presented to investigate the distribution characteristic of stiffness through the whole work space (Yan et al., 2012a (Yan et al., , 2012b . For linear feed drive system of machine tools, three main factors have to be taken into account when stiffness model is established: the contact stiffness at the interface between screw and ball, axial stiffness of bearing at two ends and the stiffness in axial direction of screw. Results from literature indicates that the linear feed drive system has the smallest stiffness value at the middle position of the entire movement range and increases gradually as the worktable moves to both ends (Kamalzadeh, 2009 , Jiang and Zhu, 2010 , Mi et al., 2012 .
Little literature could be found on the study of stiffness of rotary feeding system usually composed of belt, gear pairs and flexible shafts. Lysov and Starikov revealed that the stiffness of the mechanical transmission had a direct effect on the static and dynamic precision of the table control system (Lysov and Starikov, 2009 ). Jiang proposed a new pressure supply system to improve the axial stiffness of the worktable by conducting a multi-criteria design (Feng and Jiang, 2013) . Yu et al. proposed a dynamic model and an electromechanical-hydraulic coupling model in the circumferential direction and investigated the effects of cutting force, leakage characteristics and Coulomb frictional force on dynamic accuracy of a rotary table. By optimizing preload of the brake worm, the dynamic indexing accuracy was improved (Yu et al., 2012 , Yu et al., 2013 .
Obviously, there is lack of an effective approach to estimate the torsional stiffness of rotary feeding systems, which is the motivation of this work. Geared transmission trains with single branch or those with worm gear pair are usually applied for rotary feeding under low or intermediate load, however, for heavy-duty, transmission train with double branches is usually used. Thus, this work mainly focuses on the three kinds of transmission chains with worm gear, single or double branches. The paper is organized as follows: (1) Fig.1 shows a typical transmission chain used in rotary feeding. As shown in the figure, the driving torque T m is transmitted to the end by the desired transmission ratio i total , corresponding to the relationship between the driving and the driven angular displacements , θ w = i total θ m .
Figure 1 Geared single transmission chain
However, due to the elasticity of both shaft and meshing gear teeth, the actual angular displacement of the end is not i total θ m and could be expressed in the following form:
where Δθ is the angular deviation from the desired. If a torque load T L is applied at the end, then the torsional stiffness of the transmission chain is defined as
Besides the single transmission chain shown in Fig.1 , multiple-pinion could also be employed for rotary feeding, as shown in Fig.2 . Then the static equilibrium equations for the end gear or worktable could be expressed by
where N represents the number of pinions, and T m,j means the torque induced by meshing force between gear teeth of the j th pinion and the end gear. According to meshing theory of gear, T m,j takes following form: where k w,j is the meshing stiffness between the end gear and j th pinion, r b,w is the radius of basis circle of end gear, and r b,j is the radius of basis circle of j th pinion.
Assuming that the angular displacement of j th pinion could be expressed as
where H w,j is the coefficient relating θ j and θ w . Recalling the definition of torsional stiffness and substituting Eqs. 
(1 )
The above equation is the general expression for torsional stiffness of a general transmission chain. Thus, for different types of trains, the key is to find the specific expression for H w,j . As single, double-branch chains and the chain with worm gear are often employed in rotary feeding system, the work in the following part will focus on determining the specific expressions for H w,j .
Torsional stiffness modeling

Stiffness model for single chain
A schematic diagram of a single chain is shown in Fig.3 . Each gear body is assumed to be rigid, while only meshing teeth are taken as elastic elements. The shaft connecting two gears are regarded as massless elastic spring. 
where A 12 =0, for i≥2, A i,i+1 takes the following general form:
Combining Eqs. (6) and (7) , the torsional stiffness model of single transmission chain is obtained 2 , , , ,
where A n,w is equivalent to H w,j (j=1) in Eq.(5). The dashed lines with arrows indicate the paths for power transmission. Similar to the single chain, k i (i=odd) stands for the torsional stiffness and for the meshing stiffness when i=even, while k c shown in the figure represents the torsional stiffness of shaft connecting j th and n 1 +1 th gears.
Stiffness model for double-branch chain
According to the static equilibrium equations of each gear in the transmission, the following equations relating adjacent angular displacements are obtained:
where A i,i+1 takes the same form as Eq. (8) 
For j≤ i ≤n 1 , there is
where the coefficient i B takes following form:
where den(X) represents the denominator of X.
For n 1 +1≤ i ≤n 2 , there is
where the coefficient C m could be expressed as follows:
The static equilibrium equation for the end gear is 
Similarly,
To facilitate the derivation, following denotations are made: 
Stiffness model for worm geared transmission chain
The schematic diagram of transmission chain with worm gear is shown in Fig.6 . where δ n is the deformation along the normal direction of tooth surface. As shown in Fig.7(b) , the axial displacement of the tooth of worm is the superposition of axial vibration x and the equivalent translation associated to the rotational degree of freedom θ n-3 . Thus the deformation δ n could be calculated as Here, three methods are employed to calculate the torsional stiffness of the chain: traditional energy equivalent method without considering meshing stiffness of gear pairs, finite element method and the method proposed in this paper. The parameters of the chain are shown in Table 1 . Based on the materials used, the Young's modulus E is 2.06×10 5 MPa and Poisson ratio ν is 0.3 in following simulations and experiment. The mean value of meshing stiffness is adopted here. By traditional method, the torsional stiffness of the chain without mesh stiffness can be calculated by To be noted that the result in Fig.9 (b) is shown in the cylindrical coordinate system fixed to the end gear. The comparisons between three models are shown in Table 2 . As could be seen from Table 2 , the result from the proposed model agrees well with these from the finite element model. However, the stiffness value obtained from the traditional model is larger than those from the other two models, as meshing stiffness of gear pair is ignored or regarded as an infinite value in the model. 7  25  70  30  221  35  75  30  80 Similarly, comparisons of double branches & worm geared transmission with individual FEM models are made. The parameters of the two cases are given in Table 3&4 , respectively, with pressure angle 20° of gear pair. Fig.10 shows the deformation results from finite element method for the two cases. According to the definition, the calculated torsional stiffness is given in Table 5 . 
Experiment
A torsional stiffness test experiment on a rotary feeding table (B-axis in a four-axis CNC machine tool, shown in Fig.11(a) ) is conducted. Fig.11(b) shows the stiffness model of rotary table. 
Rotary table
The rotary table is fixed on ball screw feed drive system of the machine tool. The parameters of the rotary table are given in Table 6 . As Fig.12 (a) shows, the ball screw feed drive system could move along Z-axis while the house of rotary table rotating around Y-axis is fixed on the ball screw feed drive system. Fig.12 (b) shows that a force load is applied at point D, not on the symmetric center of the work-table. The equivalent loads are shown in Fig.12(c) . Consequently, both linear deformation and torsional deformation will be produced under the applied load F, and this torsional deformation is mainly induced by gear pairs and shafts of the geared transmission.
Referring to two points A&B on work-table in Fig.12 (c) , under equivalent torque T L , a torsional deformation φ is produced. Corresponding to points A & B, linear displacements δ 10 , δ 20 occur, as shown in Fig.12 (d) . Moreover, under equivalent load Fʹ, the worktable moves along Z-axis with a distance δ 3 , and the resultant displacements of points A and B come to δ 1 and δ 2 , respectively, as shown in Fig.12 (e) .
To get the torsional stiffness of the transmission of rotary table, the torsional deformation φ has to be separated. However, there's no existing way to directly measure this torsional signal, thus a method is proposed in this work. Linear displacements of three points A, B and C are collected, as shown in Fig.12 
where δ 3 denotes reading of indicator C. as could be seen in Fig.12 (e), the torsional deformation φ could be expressed as following
Since the deformation is very small, the above equation can be rewritten as
Then the expression for torsional stiffness is obtained
The experimental setup is shown in Fig.13 , where lifting jack is employed to apply force F and three dial indicators are used to get deformation signals at positions A, B, and C. Table 7 . As angular displacement also occurs due to the clearance between the gears, thus a preload with 275 N is applied to the table firstly to try to eliminate clearances between gears, and then the readings from indicators are started to be recorded, shown in Fig.14 where readings from both loading and loading-off processes are recorded. During data processing, the readings under 275 N are taken as reference.
The estimated torsional stiffness based on Eq.(31) during loading and loading-off process are given in Table 8 . It can be seen that the difference between the two processes is small, however, the difference between different positions is big. This may be caused by the re-install operations. The torsional stiffness value calculated by Eq. (27) is 2.33×10 6 Nm/rad which is less than 10% different from the measured one. As the experiment was conducted after finishing assembly of the whole machine tool, other components like spindle, linear drive system etc. affect the estimated torsional stiffness. In addition, the preload on both ends of the worm shaft is not exactly controlled, also inducing the difference between the theoretically calculated and measured stiffness value. Nm/rad, obviously bigger than those from experiment and present model.
Conclusions
A general torsional stiffness model for typical transmission chains employed in rotary feed drive system is presented in this work, which could be directly used to estimate torsional stiffness of transmission chains. Comparison with finite element model implies the validity of the model and mesh stiffness between gear teeth has to be incorporated when torsional stiffness of rotary feed drive system is under estimation. In addition, a feasible stiffness test scheme is proposed and executed on a rotary table. The presented work provides a useful way to estimate torsional stiffness of rotary feed drive system with mechanical transmission chains.
